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'JSTU�PSEFS NFUIPET

1SPYJNBM HSBEJFOU NFUIPE�

NJOJNJ[F f(v) + g(v)

XJUI v 2 Rn f : Rn ! R 	$$1
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BOE g : Rn ! R [ {1} 	$$1
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'JOEJOH öYFE�QPJOUT
'JYFE�QPJOUT
8F EFöOF UIF TFU PG öYFE QPJOUT PG B NBQQJOH F : D ! Rn�

'JYF := {v 2 EPNF | v = Fv} .

5IFPSFN 	#BOBDI�1JDBSE öYFE QPJOU UIFPSFN⇤

-FU (X , d) CF B DPNQMFUFNFUSJD TQBDF BOE MFUF : X ! X CF -JQTDIJU[ DPOUJOVPVT XJUI
DPOTUBOUL 2 [0, 1[� (JWFO v0 2 X  TFU

vk+1 = Fvk.
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• 8IBU BCPVU OPOFYQBOTJWF PQFSBUPST F�H�
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0QFSBUPS CVJMEJOH CMPDLT

• *EFOUJUZ PQFSBUPS� *E = {(x, x) | x 2 Rn}
• *OWFSTF PQFSBUPS� F�1 = {(x, y) | (y, x) 2 F}
• 4VCEJòFSFOUJBM PQFSBUPS� @f = {(x, g) | x 2 Rn

, 8z 2 Rn
, f(z) � f(x)+ g

>(z�x)}
• ;FSP� 0 2 F (x)! öOE x 2 Rn T�U� (x, 0) 2 F

"OEFSTPO BDDFMFSBUJPO GPS öSTU�PSEFS NFUIPET .JDIBFM (BSTULB ] 6OJWFSTJUZ PG 0YGPSE
��/��
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'JSTU�PSEFS NFUIPET JO PQFSBUPS GPSN
.FUIPE 'JYFE QPJOU JUFSBUJPO

(SBEJFOU NFUIPE x
k+1 = (*E� ↵rf)(xk)

,! %VBM BTDFOU
1SPYJNBM QPJOU NFUIPE x

k+1 = RA(xk) = (*E+ ↵A)�1

,!.FUIPE PG NVMUJQMJFST
,! *UFSBUJWF SFöOFNFOU
'PSXBSE�CBDLXBSE TQMJUUJOH x

k+1 = RB(xk � ↵Ax
k)

,! 1SPYJNBM HSBEJFOU NFUIPE
,! "MUFSOBUJOH QSPKFDUJPO NFUIPE
,! 1SPKFDUFE HSBEJFOU NFUIPE
,! *UFSBUJWF TISJOLBHF�UISFTIPMEJOH BMHPSJUIN 	*45"


1FBDFNBO�3BDIGPSE TQMJUUJOH z
k+1 = CACB(zk) xk+1 = RB(zk+1)

%PVHMBT�3BDIGPSE TQMJUUJOH z
k+1 = 1/2*E+ 1/2CACB(zk)

x
k+1 = RB(zk+1)
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2VBTJ�/FXUPO NFUIPET

• 0VS BMHPSJUIN�
vk+1 = (1� ↵k)vk + ↵kT (vk) = g(vk)

• %FöOF SFTJEVBM PQFSBUPS�
f(v) := v � g(v)

• /FXUPO NFUIPE�
vk+1 = vk � Jf (vk)�1

f(vk)

• 2VBTJ�/FXUPO NFUIPE�
vk+1 = vk �Bf (vk)�1

f(vk) PS
vk+1 = vk �Hf (vk)f(vk)

v0

t0

v1

t1

v2

t2

v3
v

f(v)
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#SPZEFO�T TFDPOE NFUIPE
• *NQSPWF UIF BQQSPYJNBUJPO PG JOWFSTF +BDPCJBOHk ⇡ J

�1(vk) CZ UBLJOH UIF TPMVUJPO
UP UIF TFDBOU FRVBUJPO UIBU JT B NJOJNBM NPEJöDBUJPO UPHk �

NJOJNJ[F kHk+1 �Hkk2F
TVCKFDU UP Hk+1 (fk+1 � fk)| {z }

=�fk

= vk+1 � vk| {z }
=�vk

• "OBMZUJD TPMVUJPO ZJFMET #SPZEFO�T TFDPOE NFUIPE�

vk+1 = vk �Hk(vk)f(vk)

Hk+1 = Hk +
�vk �Hk�fk

k�fkk2
�f

>
k
,
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(FOFSBMJ[FE #SPZEFO�T TFDPOE NFUIPE
• /PX� 4BUJTGZmNVMUJQMF TFDBOU FRVBUJPOT BU UIF TBNF UJNF�

Hk�fi = �vi, GPS i = k �m, . . . , k � 1

• *O NBUSJY GPSN�
HkFk = Vk,

XIFSFFk = [�fk�m · · ·�fk�1] Vk = [�vk�m · · ·�vk�1] 2 Rn⇥m

• 0OF DBO EFSJWF B SBOL�N VQEBUF GPS UIF JOWFSTF +BDPCJBOHk XIJDI NJOJNJ[FT
kHk �Hk�mk2F �

Hk = Hk�m + (Vk �Hk�mFk)(F>
k
Fk)

�1F>
k
.
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(FOFSBMJ[FE #SPZEFO�T TFDPOE NFUIPE
5IJT HJWFT UIF VQEBUF GPSNVMB GPS vk+1

vk+1 = vk �Hkfk

= vk �Hk�mfk � (Vk �Hk�mFk)(F>
k
Fk)

�1F>
k
fk

= vk �Hk�mfk � (Vk �Hk�mFk)�k

XJUI �k = BSHNJO
�
kFk� � fkk2�

1SPT�
• TVQFSMJOFBS DPOWFSHFODF JO QSBDUJDF
• DIFBQ VQEBUF SVMF FóDJFOU 23

EFDPNQPTJUJPO
• POMZ OFFE BDDFTT UP JUFSBUFT

$POT�
• JOWFSTF IBT UP TUBZ XFMM EFöOFE
• POMZ MPDBM DPOWFSHFODF HVBSBOUFFT
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"OEFSTPO "DDFMFSBUJPO
• (JWFO öYFE QPJOU QSPCMFN g(v) = v BOE UIF SFTJEVBM f(v) = v � g(v)

*OQVU� v0 BOE öYFE�QPJOU JUFSBUJPO g : Rn ! Rn�
GPS L � ����� EP

4FUmk = NJO{m, k}�
4FMFDUmk + 1XFJHIUT ↵j UIBU TBUJTGZ

P
mk
j=0 ↵j = 1�

6QEBUF vk+1 =
P

mk
j=0 ↵jg(vk�mk+j)�

FOE

• $IPPTF XFJHIUT ↵j UP NJOJNJ[F
XFJHIUFE SFTJEVBMT�
NJOJNJ[F k

P
mk
j=0 ↵jf(vk�mk+j)k22

TVCKFDU UP
P

mk
j=0 ↵j = 1

f(v1)

f(v3)
f(v2)

↵0

↵1
↵2

⇤ "OEFSTPO 	����
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"OEFSTPO "DDFMFSBUJPO BT B #SPZEFO 	UZQF�**
 VQEBUF
• $POTUSBJOFE NJOJNJ[BUJPO QSPCMFN�

NJOJNJ[F k
P

mk
j=0 ↵jf(vk�mk+j)k22

TVCKFDU UP
P

mk
j=0 ↵j = 1

• 5IJT DBO CF SFXSJUUFO BT BO VODPOTUSBJOFE MFBTU TRVBSFT QSPCMFN�

�k = BSHNJO
�

kFk� � fkk22 = (F>
k
Fk)

�1F>
k
fk

XJUI
• ↵0 = �0 ↵i = �i � �i�1 ↵mk = 1� �mk�1

• Fk = [�fk�m · · ·�fk�1] 	BT CFGPSF
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"OEFSTPO "DDFMFSBUJPO BT B #SPZEFO 	UZQF�**
 VQEBUF

vk+1 =
mkX

j=0

↵jg(vk�mk+j)

= g(vk)�
mk�1X

i=0

�i (g(vk�mk+i+1)� g(vk�mk+i))

= vk � fk � (Vk � Fk)�k

= vk � (I + (Vk � Fk)(F>
k
Fk)

�1F>
k
)| {z }

=Hk

fk
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